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Piatetski's uniqueness phenomenon 

Nir Lev and Alexander Olevskii 



Abstract. Wiener characterized the cychc vectors (with respect to trans- 
lations) in ^''(Z) and L^(M.), p = 1,2, in terms of the zero set of the Fourier 
transform. He conjectured that a similar characterization might be true for 



' 1 < p < 2. Our main result contradicts this conjecture 



1. Introduction 



1.1. Let G be a locally-compact abelian group, and 1 ^ p < oo. A function 
^ i / E L'P{G) is called a cyclic vector if the translates of / span the whole space. 

It is well-known that / S LP(T) (where T is the circle group) is a cyclic vector 
Tij- . if and only if all the Fourier coefficients of / are non-zero. The same is true for 

O \ general compact groups (see [23]). 

QP \ In the non-compact case the situation is not so easy. Wiener [24] character- 

' ized the cyclic vectors in L^(M) (or ^^(Z)) only for p = 1 and 2. We formulate 

, the result for £^(Z), the LP(M) case is similar. 

Theorem A (Wiener). Let c = {c„}, n G Z. 

^ I (i) c is a cyclic vector in £^(Z) if and only if the Fourier transform 

c(t):=^c„e-* (1) 

is non-zero almost everywhere. 
(ii) c is cyclic in i^^Z) if and only ifc{i) has no zeros. 

Part (i) of the result is an easy consequence of the unitarity of the Fourier 
transform. Part (ii) is more delicate, the proof in this case is based on the fact 
that the space £^(Z) is a convolution algebra. 

In both cases the result can be stated as follows: the vector c is cyclic if and 
only if the set 

:= {t e T : c{t) = 0} 

of the zeros of the Fourier transform is "small" in a certain sense. Wiener 
conjectured (see [24], p. 93) that a similar result should be true for spaces, 
at least for 1 < p < 2. This 'closure of translates' problem of Wiener have been 
studied by Beurling [5], Pollard [20], Herz [7], Newman [18] and other authors 
(see, in particular, [6, 13, 21, 22]). 
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First of all, one should define precisely how to understand the zero set. The 
answer is obvious if the vector c is assumed to be in £^(Z) (or L-'^(M)). The above 
mentioned authors have studied the problem under this assumption. We shall 
also keep it. 

A more serious question - what kind of "smallness" one should consider? It 
is easy to show (see [22]) that for i^, 1 < p < 2, the condition in part (i) of 

Theorem A is not sufficient, and the condition in part (ii) is not necessary for 
cyclicity. So one should look for an "intermediate measurement" of smallness. 

Beurling [5] proved that if has Hausdorff dimension less than 2{p — l)/p 
then c is a cyclic vector in £P. This inequality is sharp, but it does not provide 
a characterization of the cyclic vectors (see [18]). 

On the other hand, it is well-known that not only metrical but also arith- 
metical conditions of "smallness" may play an important role in problems of 
harmonic analysis. In the above cited papers, various metrical and non-metrical 
properties of the zero set of cyclic vectors in LP{M.) {£P{Z)) have been studied. 
A number of interesting results were obtained, however none of them provides a 
complete characterization of the cyclic vectors. 

It turns out that this is impossible. Our main result is: 

Theorem 1. Let 1 < p < 2. Then there is a compact set K on the circle T 
with the following properties: 

(a) // a vector c has fast decreasing coordinates, say Ylnei 1*^1^ ^ ^ 
some e > 0, and c vanishes on K, then c is not cyclic in i^^L). 

(b) There exists c G ^^i^), such that c vanishes on K, and c is a cyclic 
vector in £p{Z). 

It follows that, contrary to Wiener's conjecture, no characterization of the 
cyclic vectors exists in terms of the zeros of the Fourier transform: 

Corollary 1. Given any 1 < p < 2 one can find two vectors in such 
that one is cyclic in and the other is not, but their Fourier transforms have 

an identical set of zeros. 

The same result follows for L^'(M). 

1.2. Our approach to the problem is based on its relation to the uniqueness 
problem in Fourier analysis, or more specifically, to an aspect of it which we call 
the "Piatetski phenomenon". 

Recall that a set if C T is called a set of uniqueness (U-set) if whenever a 
trigonometric series 

nSZ 

converges to zero at every point t ^ K then all the coefficients Cn are zero. 
Otherwise K is called a set of multiplicity (M-set). Classical Riemannian theory 
allows one to characterize the compact M-sets as the compacts which support a 
non-zero distribution S with Fourier transform S{n) ^ as |n| ^ oo (see [10]). 

It was D. E. Menshov who discovered (1916) that a set of Lebesgue measure 
zero can be an M-set. In fact, Menshov constructed a measure with compact 
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support of Lebesgue measure zero, whose Fourier transform vanishes at infinity 
(see [3]). It was beheved within a long time that every compact M-set must 
support such a measure. This was disproved in 1954 by Piatctski-Shapiro [19]. 

This striking result can be put in a more general context. Let i? be a Banach 
space of sequences (bigger than i"^). Let us say that it satisfies the Piatetski phe- 
nomenon if there is a compact K on T, which supports a (non-zero) distribution 
S with Fourier transform S & B, but which does not support such a measure. 
Piatetski's result says that the space Cq satisfies the phenomenon. 

As a contrast, classical results from potential theory (see [4], [10, Chapter 
III]) show that weighted £^ spaces (under some conditions on the weight) do 
not satisfy the phenomenon. In particular, if K supports a distribution S such 
that ^„_^o |^|~" < oo (0 < a ^ 1), then it also supports a probability 

measure satisfying this condition. 

1.3. Our concern, motivated by the Wiener problem, was: 

Do P spaces, q > 2, satisfy Piatetski's phenomenon? 
The answer is yes: 

Theorem 2 ([15]). Given any q > 2 there is a compact set K gT such that 

(a') K supports a non-zero distribution S such that S E i'^. 

(b') K does not support any non-zero measure ji such that Jl E i"^. 

The approach used in [15] as well as in the present paper was inspired by 
Piatetski-Shapiro's original ideas, further developed by Korner [14], Kaufman 
[12] and Kahane [10, pp. 213-216]. 

The role of Theorem 2 in the cyclicity problem is clarified by the following 
observation (see Section 2.2 below): 

The condition (a') is equivalent to part (a) of Theorem 1, while the condition 
(h' ) is necessary for part (h), with q = p/{p — 1). 

So the compatibility of (a') and (b') provides a necessary chance for the 
existence of a counter-example to Wiener's conjecture. Such an example was 
indeed sketched in [16] (in a weaker form than in Theorem 1). 

The present paper contains a detailed presentation and an extension of the 
results obtained in [15, 16]. It is organized as follows. 

In Section 2 we give some preliminary background and auxiliary lemmas. 

Section 3 is the key one in the paper. Our main tools are special measures on 
the circle, defined by Riesz-type products, and a version of Bernstein stochastic 
exponential estimate. 

In Section 4 we construct a Helson set with the property (a') above. In 
Section 5 we prove that every Helson set admits a vector with the property (b) . 
So Theorem 1 follows. 

The non-periodic version is considered in Section 6. The last Section 7 con- 
tains some additional remarks, in particular we discuss there the relation of 
Theorem 1 to Malliavin's celebrated "non-synthesis" phenomenon. 
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2. Preliminaries. Lemmas. 

2.1. Notation. In what follows T is the circle group M/27rZ. 

As usually C(T) is the space of continuous complex functions on T, with 
the norm ||/||oo '■= sup|/(t)|, t eT. By a "measure" on T we always mean an 
element of the dual space M(T), that is, a finite complex Borel measure. 

We denote by {S{n)}, n E Z, the Fourier coefficients of a Schwartz distri- 
bution S" on T. It will also be convenient to keep the notation c for the Fourier 
transform of a vector c G i'^(Z) as defined in (1). 

Let Ap{T), 1 ^ p ^ oo, denote the Banach space of distributions 5 on T with 
Fourier coefficients belonging to endowed with the norm 

ll'S'lUp := ll'S'll^p. 

For p = 1 this is the Wiener algebra ^(T) of absolutely convergent Fourier series 
(see [9]). Throughout we will use the following standard properties, 

ll/lloo ^ ll/IU, feA{T), 

11/ • 9\\a, ^ ll/IU \\9\W, f e A{T), g G Ap{T). 
By the "support" of a measure or a distribution we refer to the closed support. 

2.2. Cyclic vectors. In this section we refer to some basic results about 
cyclicity. The results go back to Beurling [5] , Pollard [20] , Herz [7] and Newman 
[18]. Actually the first three authors considered Wiener's problem in U'{M.) 
rather than but, as the last author mentioned, "the distinction is not 
vital". Sec also [10, pp. 111-112]. 

It would be convenient to reformulate the concept of cyclicity in an equivalent 
way, using the following 

Definition. An element / G Ap{T), 1 ^ p < oo, is called a cyclic vector 
(with respect to multiplication by exponentials) if the set {P[t)f{t)}, where P 
goes through all trigonometric polynomials, is dense in Ap{T). 

Clearly, a vector c G £P{Z) is cyclic (with respect to translations) if and only 
if its Fourier transform / := c is cyclic in Ap{T) in the sense just defined. 

Below / is assumed to belong to the Wiener algebra A{T), Zf denotes the 
set of the zeros of /, and q = p/{p — I) is the exponent conjugate to p. Then: 

(i) / is cyclic in Ap(T) if and only if there is a sequence of trigonometric 
polynomials P„ such that 

hm ||1-P„-/|U^=0. 

(ii) If Zf is finite then / is cyclic in Ap{T) for every p> 1 (see [23], p. 96). 
The next propositions follow by duality. 

(iii) If f is a non-cyclic vector in Ap(T) then there is a non-zero distribution 
S G Aq(T), supported by Zf. 

(iv) // there is a non-zero measure ji G Aq{^), supported by Zf, then f is a 
non-cyclic vector in Ap(T). 
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(v) // / is continuously differentiahle, and there is a non-zero distribution 
S G Aqi^) supported by Zf, then f is a non-cyclic vector in ^p(T). 

Actually (see [7]) the smoothness condition in (v) can be reduced up to 
/ G Lip(£:), £ > 0, or, in terms of the Fourier coefficients of /, up to 

\ f{n)\ \nf < oo for some e > 0. 

Observe that if p > 2 then Aq{T) is a functional space (embedded in L^(T)). 
So the conditions (iii)-(iv) imply: 

A function f G A{T) is a cyclic vector in Ap(T), p > 2, if and only if its zero 
set Zf does not support any non-zero function g G Aq(T). 

This condition is not very effective, but it shows that the cyclicity of a vector 
c G in the space p > 2, admits characterization in terms of the zero set 
of the Fourier transform (as Wiener thought). By the way, if Zf has Lebesgue 
measure zero then this obviously implies cyclicity, but not vice versa [18] (see 
also [11], pp. 101-102). 

The case p = oo was also considered. Newman [18] proved that a vector 
c G £^{Z) is cyclic in the space co(Z) if and only if 2g is nowhere dense in T. 

Now let 1 < p < 2 (the case where Wiener's conjecture was most certain). 
Then Aq(T) is not a functional space, and (iii)-(v) only imply the following: 

Let f G ^(T) be smooth (/ G Lip(e), e > 0). Then it is cyclic in Ap(T) if 
and only if the zero set Zf does not support any non-zero distribution S G Aq{T). 

However we will see that without the smoothness condition, the zero set Zf 
does not provide a characterization of the cyclic vectors. 

2.3. Auxiliary polynomials. We shall use trigonometric polynomials with 
the following properties. 

Lemma 1. Given any q > 2 and any 7 > there is a real trigonometric 
polynomial cp = (pq^-y such that 

if{0) = 0, \\cp\\ooS^l, ||v?||l2 = i, M\Ag<7- (2) 

Here and below || • ||^2 denotes the norm on T with respect to the nor- 
malized Lebesgue measure. 

There are several ways to get Lemma 1. In particular one may use the 
Shapiro- Rudin polynomials (see [9], p. 52). Namely, for an appropriate choice 
of signs £n — il (n — 1,2,...) the trigonometric polynomial 

Qk{t) = COS nt 

n=l 

satisfies ||(5fe||oo ^ 2(^"'"^)/^. It follows that if A: = k{q,j) is sufficiently large, then 

^{t) :=2-(^+i)/2g,(i) 
is a real trigonometric polynomial with the properties (2). 
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2.4. Kahane's lemma. One of the key arguments in [19] and [12] is based 
on the uniqueness theorem for power series. In Kahane's presentation of Kauf- 
man's result (see [10], pp. 213-216) this point was performed as follows: 

Given any S > there is a real, signed measure p, supported by a finite subset 
of the interval (1 — S, 1), such that 



and 



1^ 



s^dp{s) <5 {k = l,2,...). 



(3) 



This lemma was proved in [10, p. 214] based on the Hahn-Banach theorem. 
Here we shall need a quantitative version, with an estimate on the total variation 
of the measure. 

Lemma 2. Let an interval / = (a, 6), < a < 6 < ^, and < 6 < 1 be given. 
Then there is a real, signed measure p, supported by a finite subset of I, such 
that (3) holds, and such that 



\dp\<6-<'\ (4) 

where c{I) > Q is a constant which depends only on I. 
We proceed to the proof of Lemma 2. 

2.4.1. The measure. Given n distinct points s\, . . . , s^ G /, consider a mea- 
sure p supported by these points and defined uniquely by the condition 



p{s) dp{s) = p(0), for every algebraic polynomial p of degree ^ ra — 1. 
In particular, 

Jdp = l, j s^dp{s)=fd (A; = 1,2, ...,n-l). (5) 

Given any function /(s) one has J f(s)dp{s) = p(0), where p is the unique 
polynomial of degree ^ n — 1 which interpolates / at the knots si, . . . , s„. It is 
well-known (see, for example [1], pp. 134-135) that if /(s) is real- valued and 
sufficiently smooth, then there is ^ ^ < 6 such that 

f («)(£) " 

m=Pio) + ^-^llio-s,). 

Applying this with f{s) = , n, gives 



and consequently the moments of p satisfy the estimate 



J s^ d/9(s)| < 2^= ■ 6^=-" • 6" = (25)^' (26)" (k^n). (6) 
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2.4.2. The total variation. Using the Lagrange polynomials 
one can calculate the masses 

Si 



piisj}) = J ij{s)dp{s) = i,{o) = i-ir-'H 



We choose the points si, . . . , s„ as equally spaced knots, Sj = a + {j — where 
h = {h-a)/n. Then 

l^({^^})| = ,n-l(,_l),(,_,),n«- 

and so we have 

n"- / 2b \n~i / 2eb \n-i 

Finally, choose n to be the least integer ^ /og(iy2b) > 0- follows from (5), 
(6) and (7) that p satisfies both (3) and (4) . This proves the lemma. □ 

Remark. One can prove that the condition (4) in Lemma 2 is essentially 
sharp, up to the precise value of the constant c(/). 

2.5. Bernstein inequality. Bernstein exponential estimates for sums of 
independent random variables are classical. Different versions, adopted for sums 
of "almost" independent variables, in various senses, are also well-known. 

In particular, Azuma [2] considered the so-called multiplicatively orthogonal 
systems and obtained Bernstein-type exponential estimates for them. 

It will be convenient for us to consider a similar version, suitable for an 
"almost multiplicative" system of random variables, in the following sense: 

Lemma 3. Let Xi, . . . , Xn be random variables on a probability space (O, P) 
such that —1 ^ Xj ^1 (j = 1, 2, . . . , N). Suppose that 

E{Xi) = ---=E{Xn)=P>0, (8) 

and that there is < e < 1 such that 

^e{[]X,} ^ (9) 

jeA 

for every non-empty subset A G {1,2, .. . ,N}, where \A\ denotes the number of 
elements in A. Define 

Then for any a > 0, 

P{X < E{X) - a} ^ exp ( - ^a^N) + e exp (iiV) . (10) 
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Proof. Fix A > 0. By the classical Bernstein method we can estimate the 
probability on the left hand side of (10) as follows, 

N N 

P{X <n-a}=p{ll e^('^-^^) > e"^^} ^ e""^^ E J] e^('^-^^). (11) 

To estimate the expectation on the right hand side we adopt the approach of [2] . 
Since {/j, — Xj \ ^ 2 and by the convexity of the exponential function, we have 

^\{i^-Xj) ^ cogh(2A) + {in - Xj)/2) sinh(2A). 

This can be rewritten in the form e^^^~-^^^ ^b — aXj, where 

a := (1/2) sinh(2A), b := cosh(2A) + (/Lt/2) sinh(2A). 

It follows that 

N N 

Ejje^('^-^^) ^Ej];(6-aX,) = (-a)l^l E J] X,-. (12) 

i=i i=i Ac{i,...,A'} ieA 

Now we invoke the assumption (9), which (together with the fact that a,b are 
positive numbers) implies that the right hand side of (12) is not larger than 

^(-a)l-4| 6^-1^1 {l + (-1)1^1 e} /zl^^l = (6 - a^)^ + e(6 + ai^f . 

Using the inequalities 

b — afi = cosh(2A) ^ exp(2A^), 

b + aji = cosh(2A) + ji sinh(2A) ^ exp(2A), 

it follows that 

N 

E W e^^i'-^i^ ^ exp(2A^iV) + e exp(2AiV). (13) 

i=i 

Finally, a combination of (11) and (13), with A = a/4, gives 

P{X < - a} ^ exp ( - \a^N) + e cxp {\a{2 - a)N) . 
However a(2 — a) ^ 1, so the estimate (10) follows. □ 

3. Riesz-type products and exponential estimates 

This section contains the central part of our approach. We prove here the 
following main lemma: 

Lemma 4. Suppose that we are given numbers q > 2, e > and a real, non- 
zero trigonometric polynomial u. Then we can find a compact set K (a finite 
union of segments), an infinitely smooth function f and a real trigonometric 
polynomial P such that 

(i) / is supported by K, ||1 - / < e, 

(ii) inf \P(t)\ > I, P(t)u(t) >0 onK, \\P\\a ^ Ciq), 

where C{q) is a constant which depends only on q. 
The proof involves several steps. 
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3.1. Multiplicativity. Wc start with the following simple property. 

Lemma 5. Let v be a positive integer, and suppose that Pj are trigonometric 
polynomials, deg Pj < u (j = 0,1, . . . ,N). Then 

X{n-.v')}^^n{//.<}. 

Proof. By Fourier expansion, the left hand side is equal to 

N 



i:{n^#.)}X' 



k j=0 



where the sum goes through all integer vectors k = (fco, ki, . . . , k]^) such that 
\kj\ ^ degPj. However it is easy to check that the only solution of the equation 

ko + kiu + k2iy'^ + h A-ivi/^ = 

with k as above, is k = (0, 0, . . . , 0). This implies the result. □ 

3.2. Riesz-type measures. Suppose that we are given a positive integer 

N, a real trigonometric polynomial ip with the properties 

^(0)=0, ||(/?||oo^l, (14) 
and also a real trigonometric polynomial w such that 

||w||oo ^ 1- (15) 
Choose a large integer u, satisfying the condition 

z/ > 2max{deg99, A^degu;}, (16) 
and define a "Riesz-type product" 

N 

Xs{t) = Y[(l + sw{t)^{uH)), 0<s<l. (17) 

Introduce a measure /ig on the circle T, 

dfisit) = Xs{t) ^ . (18) 

Observe first that it is a probability measure on T. Indeed, it is clear from the 
properties above that is everywhere positive. Now expand the product (17) 
into the form 

A,(t)=i+j;(.t«(t))i^in^(^'*)' (19) 

B jdB 

where the sum goes through all non-empty subsets B C {1, . . . , AT}. The condi- 
tion (16) allows one to use here Lemma 5 to find that 

However all terms in the above sum are zero, since ^(0) = 0. So it follows that 



and this proves the claim. 
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3.3. Random variables. Consider random variables defined by 

Xj{t) = w{t) ip{uH), l^j^N, (20) 

on the probability space (T,/is). 

It is well-known that these variables are "almost independent" with respect 
to the Lebesgue measure on T. However, we will see that (under some additional 

condition) they arc "almost independent" also with respect to fis, which is going 
to be essentially "singular" with respect to the Lebesgue measure. 

To establish such a property we first compute the "multiplicative moments" . 
Lemma 6. Let A be a non-empty subset of {1,2,..., N}. Then 

Proof. By (18) and (20), the left hand side of (21) is equal to 

l^{w{t)\''\]lip{i^H)}Xsit)^. (22) 

Let us again consider the expansion (19) for As, however this time we distinguish 
not the constant term as before, but write instead 

jeA 

where the implicit terms correspond to all subsets B C {1, . . . , A'^} which are dif- 
ferent from A. Inserting this expression into (22) one can see that the integration 
of the explicit term gives 



which, by the condition (16) and Lemma 5, provides the right hand side of (21). 
So it remains to show that the integrals of the other terms in the sum do not 
contribute anything but zero. 

Indeed, if B is any subset ^ A then the corresponding term is 

/ {^(t)i^i+i^i n ^i-'i) n ^'(-^■^)}| 

•^"^ jeAAB jeAnB 

which, again by (16) and Lemma 5, is equal to 

•-{X'"'*'"^"^}{X-<}"'"{X^^'^<}"' 

However this is zero, because ^(0) = 0, so the lemma is proved. □ 

One can see from Lemma 6 that if the trigonometric polynomial w is mostly 
close to 1 in modulus, then the integrals of the even powers of w which appear 
in (21) are almost equal to 1. We will see that in this case the Xi, . . . , Xn form 
an "almost multiplicative" system of random variables (in the sense of Lemma 
3) with respect to the measure /x^. 
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Precisely, Lemma 6 allows one to find the expectations 

E(X,-) = s ||v^|li2 ||u;||i2 (l^jsSiV). (23) 

In particular all the Xj have the same expectation, as in (8). Now suppose that 

the trigonometric polynomial w satisfies, in addition to property (15), also the 
condition 

w{tf ^ \ > for some < £ < 1. (24) 



n 27rJ l + £ 
Then, given any non-empty A C {1,2, ... , N}, by (21) and Jensen's inequality 

jeA jeA 
On the other hand (15), (21) and (24) imply that 

E { n ^4 ^ / ^}''" ^ ^1 + ^) n 

jeA •^'^ jeA 

This shows that the "almost multiplicativity" condition (9) is satisfied. 

3.4. Concentration. Define a trigonometric polynomial 

N N 
3=1 j=l 

"Almost independence" suggests that this average is strongly concentrated 
(with respect to the measure /x^) near its expectation, and the rate of concen- 
tration is governed by the classical exponential estimates. 

Indeed, assuming (14), (15) and (24) one may use Lemma 3, which implies 
Hs{t:X{t)<E{X)-a}^exp{-la'^N)+ee^p{\N), a > 0. (26) 

We use this to prove the following L^-concentration estimate. 
Lemma 7. Suppose that (14) and (15) hold, and furthermore suppose that 

M\l^ ^ h (27) 



and 

Then, for every 
one has 



seIo:={il) (29) 



{t:X{t)<ct} 27r 

for some absolute positive constants ci,C2. 

PROOF. It follows from (23), (27), (28) and (29) that 

1 
100 



Hx) = sy\\l2\\w\\l2> ^ (seio). 



So the estimate (26) with £ = e ^ implies that 

fi,{t:X{t)<ci}<2exp{-l{^-cifN), < ci < ^. (30) 
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Using (17) we also obtain the estimate 

N 

Xs{t) ^ exp (^s w{t) ip{vH)j = exp {sNX{t)) . (31) 

A combination of (30) and (31) then gives, for every s G Iq, 

[ >^'sit)^^([ Ut)^)( sup X.it)) 

J{t:X{t)<ci} \J{t:Xit)<ci} / V {t ; X(t)<ci } / 

< 2exp ( - - cifN) exp (iciiV) = 2 6"^^^, 

for appropriate absolute positive constants ci,C2. □ 

Below we continue to denote by ci , C2 the constants from Lemma 7, and let 
C3,C4, . . . denote other absolute positive constants. 

3.5. Proof of Lemma 4. Let the numbers q > 2, e > and a real, non- 
zero trigonometric polynomial u be given. Let N = N(e) be a sufficiently large 
integer, which will be chosen later. Denote hy (p = cpq^-y the trigonometric poly- 
nomial from Lemma 1. Also let w = wn,u be a real trigonometric polynomial, 
satisfying (15) and (28), and which has the following additional property: 

for every t G T either w{t)u{t) > or otherwise \w{t)\ < C3 , (32) 

where C3 := ci/2. Remark that it is easy to find such w by taking an approxi- 
mation of the function sign(it). 

Given < S < I we use Lemma 2 to find a measure p, supported by the 
interval Iq defined in (29), satisfying (3) and such that 



/I 



\dp\ < S where C4 := c{Io). 

Define 



X{t) = j Xs{t)dp{s). 



One can expand the product (17) using the Fourier representation of the trigono- 
metric polynomial and this yields the expression 

X{t) = 1 + J2{ [ s'^'''^dp{s)]{ n m)} ^(i)'^""^ ^i(k,u+k,u^+-+k^u'^)t^ 

k kj^O 

where the sum goes through all non-zero vectors 

k= {ki,...,kN) eZ^, \kj\^degip, 

and l(k) > denotes the number of non-zero coordinates of k. Note that each 
polynomial w{ty^^^ has degree ^ Ndegw. So the condition (16) ensures that 
the summands in the above sum have disjoint spectra. Taking advantage of the 
fact that ||w^(i)''^'*^ lUg ^ 1 (which follows from (15)) we deduce that 

111 - MIX <^'12Il l^(^^-)l' < (1 + 11^11^)"^ < ^MNMX)- 

k kj^O 

Using (2) this implies 



|1-A|U, <<5exp(i7^iV). (33) 
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Now consider the trigonometric polynomial X defined in (25). Set 
E:={teT ■.X{t)^ci] and /i:=A-1e, 

then 

||A - h\\Ag ^ ||A - /i||l2(t) = ||A||l2(t\e) ^ j \\K\\l'^{t\e) \dp{s)\. 

Using Lemma 7 it follows that 

||A-/i|U, 6-5^^2^ (34) 

Let C5 > be an absolute constant so small such that, setting 5 := e~'^^^ , 
the right hand side of (34) will tend to zero as ^ oo. Next, let the number 
7 > be (an absolute constant) so small such that also the right hand side of 
(33) will tend to zero as TV — oo. Now fix A/" = A'^(e) so large, such that the 
right hand sides of both (33) and (34) will be smaller than e/2. Having fixed N, 
the functions w, A, X and h have also been fixed, and it follows that 

111 - /i|U, ^ 111 - A|U, + ||A - h\\A, < e. 

Finally we will define the compact K, the smooth function / and the trigono- 
metric polynomial P satisfying the properties (i) and (ii) of Lemma 4. Let x be 
a non-negative, infinitely smooth function, with integral = 1. Setting f '■= h* x 
and K := supp(/) we obtain (i). By choosing x supported on a sufficiently small 
neighborhood of zero, we may assume that X{t) > C3 on K. Let us now set 

1 ^ 

and check that it satisfies condition (ii). First, due to (15) we have 

\P{t) I ^ Pit) w{t) = (1/C3) x{t)>i, teK. 

Secondly, since ||<p||c>o ^ 1, for every t e K we have \w{t)\ ^ X{t) > C3, and (32) 
implies for such t that w{t)u{t) > 0. It follows that 

P{t)u{t) > onK. 

Lastly, 

||P|U^(l/c3)||^|U = C(g), 

and our main lemma is proved. □ 



4. Helson sets and distributions 



4.1. Recall the main two properties of Piatetski-Shapiro's compact K : 
(I) K supports a non-zero distribution S with S{n) ^ as |n| — >■ 00. 
(II) For every non-zero measure fj, supported by K, 

limsup |jEt(n)| > 0. 

In]— >oo 

In a way, the existence of such a compact reveals a "compromise" between 
certain "thickness" and "thinness" conditions of a set (understood not in a met- 
rical but rather an arithmetical sense). We will see that this compromise can be 
achieved under stronger conditions, in both directions. 
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Definition (see, for example [9], Chapter IV). A compact set K is called 
a Helson set if it satisfies any one of the following equivalent conditions: 

(i) Every continuous function on K admits extension to a function in ^(T). 

(ii) There is 6i{K) > such that, for every measure ^ supported by K, 

sup\i2in)\^Si{K) [ \dfx\. (35) 

neZ J 

(iii) There is (52 (if) > such that, for every measure ^ supported by K, 

limsup\fl{n)\^ 52{K) j (36) 

|n|— *oo J 

Korner [14] and Kaufman [12] generalized Piatetski-Shapiro's result by con- 
structing Helson sets with the property (I) above (that is, Helson M-sets). 

We will prove the following stronger theorem: 

Theorem 3. For any q > 2 there is a Helson set K on the circle T, which 
supports a non-zero distribution S such that S E 

Clearly this also implies Theorem 2. 



4.2. For the proof of Theorem 3 we need the following 

Lemma 8. Let K be a totally disconnected compact set on T. Suppose that 

there is a constant C > such that the following is true: given any real-valued 
function h G C(T) with no zeros in K, one can find a real trigonometric polyno- 
mial P{t) such that 

l^l^\P{t)\ > 1, P{t)h{t) >0 onK, \\P\\a ^ C. (37) 
Then K is a Helson set. 



Proof. It would be enough to show that there is 6i{K) > 0, such that (35) 
is satisfied by every measure /x supported by K. In fact, it is enough to prove 
(35) only for real, signed measures /i, as one can check easily by decomposing a 
complex measure into its real and imaginary parts. 

Let therefore /x be a real, signed measure supported by K, and suppose that 
/ = 1. Since K is totally disconnected, given e > there is a real- valued 
function h € C(T) such that h{t) = ±1 on K, and J hdfi > 1 — e. Let P{t) be a 
real trigonometric polynomial satisfying (37). Then 

/ Pdfi = [ Ph\dti\- [ Ph{\dn\-hdn)>l-Ce. 
Jk Jk Jk 

On the other hand, 

/ Pdti= / Pd/x = VP(-n)/x(n) ^ C sup|/2(n)|. 
Jk Jt 

Since e was arbitrary, this shows that (35) is true with 5\{K) = C~^. □ 
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Remark. It is not difficult to check that the condition in Lemma 8 is also 
necessary for Helson sets. For comparison, we mention another necessary and 
sufficient condition in a similar spirit: a compact K is a Helson set if and only 
if it is totally disconnected, and each {0, l}-valued continuous function on K 
admits an extension to T with bounded A{T) norm (see [9], p. 52). 

4.3. Proof of Theorem 3. Fix q > 2. Choose a sequence Uj of real, non- 
zero trigonometric polynomials, which is dense in the metric space of real- valued 
continuous function on T. For a sequence ej we use Lemma 4 with e = Sj and 
u = Uj to choose Kj, fj and Pj. We choose the ej by induction, such that 

£1 < and ll/i ■ /2 • . . . • fj\\A Ej+i < 2-2-i (j = 1,2,...). 

This condition allows to define a distribution S by the ^q(T)-convergent infinite 
product rij^i fji indeed, the partial products Sj = fi - ■ ■ fj satisfy 

\\S,+i - S,\\a, = ll/i •••/,• ifj+i - 1)|U, ^ ll/i • • • fj\\A e,+i < 2-2-^ 
hence Sj converges in Aq(T) to a limit S. Observe that S is non-zero, since 

CO oo 

\\s - i|U, ^ E \\Sj+i - Sj\\A, < E^"'"'' < 1. 

j=0 j=0 

and that S is supported by the compact K := CtjLi ^j- 

On the other hand, we will show that K is a Helson set. It is enough to 
check that K satisfies the conditions of Lemma 8. Indeed, for each j we have 

m^ \Pj{t)\ > 1, Pj{t)uj{t) > on \\Pj\\A ^ C{q). 

In particular, none of the Uj has a zero in K. Since they are dense in the 
metric space of real- valued continuous function on T, it follows that K is totally 
disconnected. Let now h G C(T) be any real- valued function, with no zeros in 
K. Choose j such that Uj{t)h{t) > on iiT, then (37) is satisfied with P = Pj 
and C = C{q). It therefore follows from Lemma 8 that X is a Helson set. □ 

5. Helson sets and cyclic vectors 

5.1. The role of Helson sets in our problem is clarified by the following 

Lemma 9. Let K he a Helson set on T. Then there is a function g G A(T), 
vanishing on K, which is a cyclic vector in Ap{^) for every p> \. 

For the proof we shall need the following property of Helson sets. Denote by 
C (K) the space of continuous functions on K with the norm 

\\h\\ciK) = sup|/i(t)|. 
teK 

Recall that one of the equivalent definitions of a Helson set is that every element 
of C{K) admits an extension to a function in ^(T). In the next lemma it is shown 
that one can actually find such extensions with arbitrarily small Ap norms. 

Lemma 10. Let K he a Helson set, and suppose that e > Q, p > 1 and 
h G C{K) are given. Then one can find f G A(T) such that 

f\K = h, ||/|U^(l/<5)||^||cW, ||/IU,<6, 

where S = 62 (K) > is the constant from (36) . 
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Proof. Fix p > 1 and e > 0. Introduce a Banach space B = B{p,£) of 
functions / on the circle T such that 

\\f\\B := ||/|U + (lA)||/lk<oo. 

In other words, the space B coincides with the space A{T) but is equipped with 
a different (equivalent) norm. Let also T : B ^ CJ{K) be the restriction operator 

/ f\K, and denote by T* its dual operator. 

Given a measure // supported by K, by (36) we have 



L(/i) := limsup |/i(n)| ^ S |d/x|. 

Jll— >oo J 



>oo 

Take a sequence of integers nj, \ni\ < \n2\ < • • • , and real numbers 6j such that 



lim /2(nj) e •'^ = L(/li), 
j— ►oo 



and define 

N 



fN{t) = ^j:e-'^-^'^'^\ 



Then ||/jv||s = 1 + (1/e) iV(Vp)-i, and 

1 ^ 

(/at, r» = (T/at, ^) = / /Ar(t) (i//(t) = T7 Knj) e" 
It follows that 



\T*ij\\b* > lim 



K/iV,T»| 



= L{ii)^5 j |d/x|, 



^^f^ llJivllB 

for every measure supported by K. 

By a classical theorem of Banach (see [10], p. 141) this implies that for 
every h G C{K), the equation Tf = h admits a solution f e B such that 
^ (l/<^) This proves the lemma. □ 

5.2. Using Lemma 10 we can prove Lemma 9 above. 

Proof of Lemma 9. It will be convenient to use Baire categories in the 
proof. Let I{K) denote the set of functions g G A{T) which vanish on K. This 
is a complete metric space, under the metric inherited from ^(T). We will prove 
that the set of functions g G I{K) which are cyclic in Ap{T) for every p > 1, 
is a countable intersection of open, dense sets in the space I{K). By Baire's 
theorem, this set is therefore non-empty (and in fact is dense in the space). 

For e > and p > 1, denote by G{e,p) the set of 5 G I{K) for which there 
exists a trigonometric polynomial P such that ||1 — P • g\\Ap < £■ Choose a 
sequence £„ — and a sequence pn ^ 1 {n ^ 00), and consider the intersection 

00 

Q G{en,Pn)- 

n=l 

According to Remark (i) from Section 2.2, a function g G I{K) belongs to this 
intersection if and only if it is cyclic in Ap{T) for every p > 1. So to conclude 
the proof it remains to show that each G{e,p) is an open, dense set in I{K). 
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Let go G G{s,p) be given. Then ||1 — P • yolUp < £ for some trigonometric 
polynomial P. Given rj > 0, suppose that g G I{K) and — go\\A < V- Then 

\\l-P-g\\A, ^ ||l-P-5olU,+?7ll^lUp- 

It 77 is chosen sufficiently small then the right hand side is smaller than e. Hence 
G{s,p) contains the open ball B{gQ,i]) of radius 77 centered at go, and this shows 
that G{£,p) is open. 

Finally we show that G{e,p) is dense. Let a ball B{go,r]) in I{K) be given. 
Choose a non-zero trigonometric polynomial h such that 

\\h-go\\A < 

where S = 62 {K) > is the constant from (36) . In particular this implies that 

teK 1 + 

Since h is non-zero, it has finitely many zeros, so by the Remarks (i) and (ii) from 
Section 2.2 there is a trigonometric polynomial P such that ||1 — P • /iH^p < £/2. 
Now use Lemma 10 to find / G ^(T) such that 

f\K = h\K, \\f\\A<v/{l + S), ll/IU,<^|^, 

and set g := h — f. Then clearly g G I{K). Moreover 

lb - 9o\\a ^ 11^ - go\\A + ll/IU < V, 
that is, g G B{go,r]). Also, 

111 - ^ • 9\W ^ 111 - ^ • Ha, + ||i^lUII/IUp < £, 
and therefore g G G{e,p). This shows that G{e,p) is dense. □ 



5.3. Our main result now follows: 



Proof of Theorem 1. By Theorem 3 there is a Helson set K satisfying 
the condition (a') in Theorem 2. This condition is equivalent to condition (a) in 
Theorem 1 (sec Section 2.2 above). On the other hand, Lemma 9 implies that 
K satisfies also condition (b). So Theorem 1 is proved. □ 

Proof of Corollary 1. Let K be the compact set of Theorem 1. By 
the property (b) there is G ^(T) vanishing on K, which is cyclic in Ap(T). 
Choose a smooth (say, twice continuously differentiable) function / on T, such 
that Zf = Zg. In particular, / vanishes on K. Since the Fourier coefficients of 
/ decrease sufficiently fast, the property (a) implies that / is a non-cyclic vector 
in Ap(T). Thus our corollary is proved. □ 



6. Non-periodic version 

Here we extend the results to LP(M) spaces, 1 < p < 2. This can be deduced 
easily from the previous results, so we may be brief. In particular we skip the 
formulation of the corresponding version of Theorem 1, and restrict ourselves to: 
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Corollary 2. Given any 1 < p < 2 one can find two functions in L^(M) n 
Co(M), such that one is cyclic in U'{M.) and the other is not, but their Fourier 
transforms have the same (compact) set of zeros. 

Here Co(M) is the space of continuous functions on M vanishing at infinity. 

It will be convenient to denote by M another copy of the real line. We consider 
distributions on the Schwartz space 5(M). We denote by ^^(M), 1 ^ p < oo, the 
space of Fourier transforms of functions in L^(M), with the corresponding norm. 
In particular, for p = 1 this is the Wiener algebra A(R) of functions with an 
absolutely convergent Fourier integral. 

Recall that, by definition, a function F{x) G U'{M.) is a cyclic vector if the 
translates {F{x — y)}, y G M, span the whole space. Equivalently, F is cyclic if 
the set {f{t) 4>{t)}, where f = F and runs over S'(M), is dense in ^p(M). 

Proof of Corollary 2. Fix 1 < p < 2, and take the compact K of Theo- 
rem 1. By the property (b) there is G ^(T), vanishing on K, which is cyclic 
in ApiT) (with respect to multiplication by trigonometric polynomials). 

We may assume that h{t) is positive at some point t, and by rotation, that 
^(tt) > 0. It follows that there is an interval 

/ := {-IT + 5, -K -5), > 0, 

such that K C {t : Reh{t) ^ 0} C I. Choose a function x ^ S{R), ^ x ^ 1, 
compactly supported by (— tt, tt), and such that x(i) = 1 on /. Define 

g{t) := x{t) h{t) + (1 - x{t)) e"*' , t eW. 
It is easy to see that: 

(i) The zero set Zg is compact, K <Z Zg <Z I. 

(ii) 5 = G for some G G L^{M.) n Co(M), which implies g G ^p(M). 

Glaim 1. The set {g{t) G S{M), is dense in ylp(M). 

If not then, by duality, there is a (non-zero) distribution S G Aq(M), q = 
p/{p — 1), such that {S, g ■ (p) = for every (p G S'(M). It follows that 

supp(5) cZgCl, \I\ < 27r. (38) 

We have g{t) = h{t) on I, since x(t) = 1 on /. Hence 

{S, /i •(/)) = for every ^ G S(R). (39) 

The condition (38) allows us to regard S also as a distribution on T. It is well- 
known that under this condition the following equivalence holds: 

SeAg{T) ^ SeAg{R). 

But h is cyclic in Ap{T), so (39) implies that S = 0, which proves the claim. 
Now take an arbitrary function / G S{M.) with Zf = Zg. 
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Claim 2. The set {/(t) ^(t)}, ^ G ^(M), is not dense in Ap(M). 

Indeed, the property (a) from Theorem 1 imphes that K supports a (non- 
zero) distribution S G Aqi^). As above we can regard it as a distribution on M, 
belonging to ^^(M). But / is a smooth function in Ap(M) and f\K = 0. So 

{S, / • 0) = for every (/) G 5(M). 

This means that the inverse Fourier transform of / is a function F & (M) n 
Co(M) which is non-cyclic in L^'(M). So our corollary is proved. □ 

7. Remarks 

7.1. Theorem 1 may be put into the context of the theory of translation- 
invariant subspaces. A linear subspace M C U'{G) is called translation- invariant 
if whenever / belongs to M then so do all of its translates. Observe that / G 
L'P{G) is a cyclic vector if and only if it does not belong to any proper closed 
translation-invariant subspace of L'f{G). 

It is well-known that any closed translation- invariant subspace in ^^(Z) can 
be uniquely recovered from the set of the common zeros of the Fourier transforms 
of its elements. 

This is not the case in i'^(Z). Malliavin's "non-synthesis" example [17] means 
that different closed translation-invariant subspaces in this space may have the 
same set of common zeros. More precisely, given a compact set K gT consider 
the invariant subspaces 

I{K) = {c G : c vanishes on K}, 

J{K) = {c G ^^(Z) : c vanishes on some open set containing K}. 

Then for some compacts K the closure of J{K) is strictly smaller than I{K). 

Kahane [8] (see also [10], p. 121) showed that such a result still holds if one 
takes the closures of J{K) and I{K) in F(Z), l<p<2. 

Theorem 1 reveals a sharper phenomenon in these spaces, which is not pos- 
sible in £^ (Z) . Namely, there is a compact K such that the ^^'-closures satisfy 

Clos J(i^) C Clos I(i^) = F(Z). 

7.2. Strictly speaking, it is not necessary to require that c G £^ in order to 
have the zero set well-defined. The continuity of c is sufficient for that, as 
appeared in the weaker version of Theorem 1 proved in [16]. The advantage of 
the present version, however, seems to be substantial, since very little is known 
about the relation between the cyclicity in £P {1 < p < 2) and the zero set Zg, 
unless c G 

7.3. Perhaps the most interesting problem left open is: could one character- 
ize in reasonable terms the cyclic vectors c in f^*, 1 < p < 2, under the standard 
assumption c G with no extra restrictions? 
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